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T h i s  r e p o r t  p r e s e n t s  a summary of t h e  r e s e a r c h  accomplishments and 
a d e s c r i p t i o n  of t h e  work i n  p rogres s .  The devehpment  of a computer 
code f o r  t h e  a n a l y s i s  of s h e l l s  of r e v o l u t i o n  wi th  s y n w t r i c a l  s t i f f n e s s  
p r o p e r t i e s  is  95% complete. A computer code f o r  t h e  l i n e a r  ana1ysi.s of 
s h e l l s  of r e v o l u t i o n  w i t h  asymmetrical  s t i f f n e s s  p r o p e r t i e s  is  complete 
a i d  t h e  computer code f o r  the n c c l i n e a r  a n a l y s i s  is 75% complete.  Re- 
s u l t s  from t h e  computer codes have been compared wi.th experimental .  and 
o t h e r  t h e o r e t i c a l  r e s u l t s .  E x c e l l e n t  agreement w a s  ob ta ined .  A paper 
e n t i t l e d  "Nonlinear Analys is  of She l l s  of Re.volutian bj7 the Nats ix  Dis- 
placement Method" which p e r t a i n s  t o  t h i s  i-escarch was preseiltcd a i  t h e  
6 t h  AIAA Aerospace Sc iences  Meeting, New York, Janua ry  2 4 ,  1.968. Another 
paper  and two r e p o r t s  are i n  p r e p a r a t i o n .  A l l  r e sea rch  e f f o r t s  z re  on o r  
ahead of schedule .  
For t h e  coming year  re f inements  of t h e  prescnt:  a n a l y s : ' ~  t.echn-iques 
are planned. The fo l lowing  addi t iona l -  s t u d i e s  are planned. 
1. Inc lude  thermal  s t r e s s e s  i n  t h e  computer codes. 
2.  Apply t h e  computer codes t o  t h e  a n a l y s i s  of a t es t  s t r u c t u r e ,  
and compare t h e  t h e o r e t i c a l  r e s u l t s  w i th  e x p e r h e n t a l  r e s u l t s  
b e i n g  obta.ined by D r .  S tebbins  of t h e  Manned SpacecraEt Center .  
Apply t h e  computer codes t o  t h e  s t a b i l i t y  a n a l y s i s  of pressi:;-e 
vessels and conpaxe t h e  t h e o r e t i c a l  resu1t:s w i t h  e q e r l m e n t a l .  
r e s u l t s  bz ing  ot  t a i n e  by. M r .  XacDougall of Saridia Corpora t ion .  






















4 .  Develop f i n i t e  e lements  f o r  t h e  a n a l y s i s  of she1l.s of a r b i t r a r y  
shape. 
5 .  I n i t i a t e  development o f  f i n i t e  e lements  f o r  t h e  a n a l y s i s  of 
b o d i e s  of  r e v o l u t i o n  2nd t h r e e  dimensional  s o l i d s .  
6. Study t h e  dynamic response of  s h e l l s  of r e v o l u t i o n  under i m -  
p u l s i v e  loadings .  
1NTKOJ)UCTION 
In  January of 1967 t h e  Nat iona l  Aeronaut ics  and Space Admints t racion 
awarded Texas A&M U n i v e r s i t y  a research  g r a n t  f o r  t h e  a n a l y s i s  of s h e l l s  
of r e v o l u t i o n  w i t h  a s y m n e t r i c a l  s t i f f n e s s  p r o p e r t i e s .  I n  A p r i l  of t h e  
s a m e  y e a r  Sandia Corporat ion awarded a c0ntrac. t  f o r  t h e  non-l inear  a n a l y s i s  
of o r t h o t r o p i c  s h e l l s  of: r e v o l u t i o n .  The r e s e a r c h  e f f o r t s  are a imed a t  two 
d i f f e r e n t  o b j e c t i v e s .  I n  pa r t i cu l . a r  t h e  o b j e c t i v e s  of t h e  Sandia  Cont rac t  
are t o  develop a coinputer code which may be used t o  ailalyze f i l a n e n t  c~ound 
p r e s s u r e  vessels arid t o  use  t h e  coinputer code t o  expla.in t h e  d iscrcpznc . ies  
b e t i e e n  l i n e a r  t h e o r e t i c a l  r e s u l t s  and exper imenta l  r e s u l t s .  The NASA g r a n t  
bas the o b j e c t i v e  of  developing computer codes which are u s e f u l  i n  t h e  
a n a l y s i s  of p r e s e n t  and f u t u r e  space v e h i c l e s .  The r e s e a r c h  e f f o r t s  d o ,  
however, have many f e a t u r e s  i n  common and consequent ly  have been t r e a t e d  
as a l a r g e  r e s e a r c h  e f f o r t  w i t h  j o i n t  suppor t .  This  arrangement h a s  proven 
h i g h l y  b e n e f i c l a l  t o  a l l  p a r t i e s .  
Concurrent w i t h  t h e  t h e o r e t i c a l  s t u d y ,  Mr. Hugh ?IacDougall of Sandia 
Corpora t ion  end D r .  Fred Stebbins  of t h e  Manned S p a c e c r a f t  Center  under- 























t h e  t h e o r e t i c a l  r e s u l t s .  Thus, t h e  r e sea rch  e f f o r t  i nvo lves  coord ina t ion  
among Texas A&M U n i v e r s i t y ,  NASA, and Sandia  Corpora t ion .  
The t h e o r e t i c a l  a n a l y s i s  i s  based on t h e  ear l ier  work p resen ted  i n  
Refs.  1-4. 
con junc t ion  wi th  c o n i c a l  f rus tum elements  t o  ana lyze  s h e l l s  of r e v o l u t i o n  
under axisymmetr ic  l oad ing .  
t h e  r e sea rch  of Graf ton and Strome t o  i n c l a d e  t h e  a n a l y s i s  of s h e l l s  of 
r e v o l u t i o n  under a r b i t r a r y  loadings .  S t r i c k l i n ,  Navaratna,  and Pian  
in t roduced  t h e  curved element used h e r e  and Haisler and S t r i c k l i n  conducted 
s t u d i e s  on t h e  behavior  of t h e  curved element .  
Graf ton and Strome' used t h e  m a t r i x  displacement  method i n  
Percy, P i an ,  K le in ,  and Navaratna2 extended 
3 
4 
There are c u r r e n t l y  i n v e s t i g a t i c n s  011 curved elements  be ing  conducted 
a t  many r e sea rch  c e n t e r s .  While r e s u l t s  w i l l  undoubtedly vary wi th  the  
problems under c o n s i d e r a t i o n ,  the r e s u l t s  f o r  shells of revol .ut ion are 
t y p i f i e d  by the  r e s u l t s  given i n  Ref.  3 and shown i n  F i g .  I. I n  t h i s  f i g u r e  
t h e  meridional.  bending moment f o r  a p a r a b o l i c  s h e l l  under uniform l e a d i n g  i s  
shown as ob ta ined  us ing  a con ica l  f rus tum e lement ,  t h e  curved e lement ,  and 
a sympto t i c  i n t e g r a t i o n .  It is  noted that tile ctii-ved element results and 
t h e  r e s u l t s  ob ta ined  through asymptot ic  i n t e g r a t i o n  ag ree  q u i t e  w e l l  w h i l e  
t h e  conical.  f rus tum element y i e l d s  some ext raneous  p o i n t s .  Furthermore,  t h e  
number of e lements  r e q u i r e d  us ing  curved elements  i s  cons ide rab ly  less than  
the number r e q u i r e d  a s i n g  con ica l  f rus tum elements .  This  l a t t e r  cons ider -  
a t i o n  i s  impor tan t  i n  non- l inear  problems where t h e  computer t i m e  r e q u i r e d  
i s  a major f a c t o r .  
necessa ry  and p r a c t i c a l  f o r  she1 Is of r e v o l u t i o n .  






















While t h e  p r e s e n t  r e s e a r c h  e f f o r t  h a s  c o n c e n t r a t e d  on the  a n a l y s i s  
of she1l.s of r e v o l u t i o n ,  t h e r e  are marly o t h e r  t y p e s  of problems of i n t e r e s t  
t o  NASA and Sandia  Corporat ion which can b e  s o l v e d  by t h e  d i r e c t  s t i f f n e s s  
method. Two such problemsare t h e  a n a l y s i s  of bodies  of r e v o l u t i o n  and 
a r b i t r a r y  s h e l l s .  The a n a l y s i s  of  b o d i e s  of r e v o l u t i o n  i s  of i n t e r e s t  t o  
a group a t  Sandia  Corpora t ion  and i s  of  i n t e r e s t  t o  t h e  Manned S p a c e c r a f t  
Center  as a p p l i e d  t o  t h e  e a r t h  landing  of space  v e h i c l e s .  Research i r i  t h i s  
area is c u r r e n t l y  underway i n  t h e  C i v i l  Engineer ing Department a t  Texas A&M 
U n i v e r s i t y  and. t h e i r  e f f o r t s  are be ing  coord ina ted  w i t h  planned e f f o r t s  under 
t h i s  r e s e a r c h  s u p p o r t .  A d e s c r i p t j o n  of a l l  t h e  planned research  i s  presented  
i n  t h i s  r e p o r t .  
RESULTS AND PLANNPD RESEARCH -___ 
Non-linear Analysis  o i  _ I _ _ _ ~  S h e l l s  of Revolution -- 
Tie computer code f o r  t h e  non- l inear  a n a l y s i s  is  o p e r a t i o x d -  and a 
5 paper  h a s  been p r e s e n t e d  on t h i s  topic.. Typica l  r e s u l t s  from t h i s  paper  
are p r e s e n t e d  i n  F igs .  1 A  and 1 R .  Copies of t h e  r e p r i n t  w i l l  b e  forwarded 
later.  
In  t h i s  s t u d y  t h e  non- l inear  terms are t r e a t e d  as a d d i t i o n a l  g e n e r a l i z e d  
f o r c e s  and t h e  r e s u l t i n g  equat ions  of  e q u i l i b r i u m  s o l v e d  by i t e r z t i o n .  
t h e o r e t i c a l  r e s u l t s  were compared w i t h  exper imenta l  r e s u l t s  and e x c e l l e n t  agree-  
ment w a s  ob ta ined .  This  computer code h a s  been d e l i v e r e d  t o  Sandia  Corporat ion.  
The 
F u t u r e  work on t h i s  program p e r t a i n s  t o  s i m p l i f y i n g  the  i n p u t  d a t a  and 
w r i t i n g  a r e p o r t  g i v i n g  t h e  d e t a i l s  of t h e  theory  and a l i s t i - n g  of t h e  comptlter 
code. A t  p r e s e n t  s i m p l e  shapes  such as a s p h e r i c a l  cap ,  t o r u s ,  o r  a c y l i n d e r  
may b e  i n p u t  q u i t e  s imply whereas o t h e r  shapes  r e q u i r e  a d e t a i l e d  d e s c r i p t i o n  





















a n a l y s i s  of p a r a b o l i c  and c o n i c a l  s e c t i o n s  u s i n g  thc s i m p l i f i e d  i n p u t  format .  
With t h i s  i n c l u s i o n  i t  i s  b e i i e v e d  t h a t  a d e t a i l e d  d e s c r i p t i o n  o f  t h e  s t r u c t u r e  
w i l l  b e  needed i n  only  rare cases. 
- Analys is  of S h e l l s  of Revolut ion wt th  A E m e t r i c a l  - -- S t i f f n e s s  P r o p e r t i e s  -
The computer code f o r  t h e  l i n e a r  a n a l y s i s  of  s h e l l s  of r e v o l u t i o n  w i t h  
asymmetr ical  s t i f f n e s s  p r o p e r t i e s  is  o p e r a t i o n a l  and h a s  been used f o r  t h e  
a n a l y s i s  of several  problems. The b a s i c  d i f f e r e n c e  between t h i s  a n a l y s i s  
and t h e  one d i s c u s s e d  i n  t h e  previous s e c t i o n  i s  t h a t  a l l  t h c  F o u r i e r  harmonics 
are coupled i n  t h i s  a n a l y s i s  and consequently t h e  ana lys i r ,  i s  much more co3pI.i- 
c a t e d .  
The t h e o r e t i c a l  d e t a i l s  w i l l  b e  p r e s e c t e d  i n  a report .  which i s  i n  ?repara-  
t i o n .  T y p i c a l  t h e o r e t i c a l  r e s u l t s  f o r  t h e  A ~ o l l o  a f t  h e a t  s h i e l d  are shown 
f o r  a 150 P S I  loading  over  a c i r c l e  w i t h  a 20" r a d i u s  and c e n t e r e d  a t  a 15 
a n g l e  from t h e  apex. T h i s  loading  i s  encountered d u r i n g  water  impact.  The 
r e s u l t s  show t h a t  t h e  s h e e r  r e s u l t a n t  is s l i g h t l y  below the allo:.:abLe v a l u e s  
f o r  t h e  honeycomb core.  The computer code f o r  t h e  l i n e a r  a n a l y s i s  has  been 
p r e s e n t e d  t o  t h e  Manned Spacecraf t  Center  and i s  c u r r e n t l y  i n  u s e  a t  t h i s  
c e n t e r .  
3 
The developmect of t h e  theory f o r  t h e  non- l inear  a n a l y s i s  of s h e l l s  of 
r e v o l u t i o n  w i t h  asymmetr ical  s t i f f n e s s  p r o p e r t i e s  i s  complete and h a s  been 
programmed. F igures  3 and 4 p r e s e n t  some t y p i c a l  r e s u l t s  from t h e  a n a l y s i s .  
F i g u r e  3 shows t h e  l i n e a r  and non- l inear  s h e a r  r e s u l t a n t s  i n  t h e  a f t  h e a t  
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s h i e l d  under a load ing  of 300 PSI  cen te red  a t  150 from t h e  apex and cove r ing  
a c i rc le  w i t h  a r a d i u s  of 20". 
moment of t h e  same s t r u c t u r e  under t h e  same load ing .  
Figure 4 p r e s e n t s  t h e  mer id iona l  bendirig 
It i s  noted  t h a t  t h e  s t r u c t u r e  does n o t  show a h igh  degree  of n o n - l i n e a r i t y .  
It i s  b e l i e v e d  t h a t  t h e  lack of n o n - l i n e a r i t y  i s  due t o  t h e  l a r g e  t h i c k n e s s  (2") 
of t h e  a f t  heat s h i e l d .  Other problems have shown n o n - l i n e a r i t i e s  which i n c r e a s e  
the stress by 25%. 
The l i m i t i n g  case of a s h e l l  of r e v o l u t i o n  w i t h  asymmetrical  s t i f f n e s s  
p r o p e r t i e s  i s  a s h e l l  of r e v o l u t i o n  w i t h  a cu t -out .  S ince  t h i s  i s  a very i m -  
p o r t a n t  problem a c o n s i d e r a b l e  e f f o r t  i s  be ing  s p e n t  t o  s e e  i f  t h e  numer ica l  
method can b e  used t o  ana lyze  "cut-out" problems. 
b u t  t h i s  s tudy  i s  expec ted  t o  cont inue  f o r  t h e  n e x t  s i x  noiii'ns. 
P r e s e n t  r e s u l r s  a re  promising 
In  summary, t h e  f e a s i b i l i t y  of t h i s  t ype  of a n a l y s i s  has  been demonstrated.  
Fu tu re  e f f o r t s  w i l l  be devoted t o  r e f i n i n g  t h e  corrputer code m d  t e s t i n g  :its 
r ange  OF a p p l i c a t i o n s .  
Thermal Loadings 
The i n c l u s i o n  of thermal  load ings  i n  t h e  numer ica l  programs i s  p r o g r e s s i n g  
q u i t e  w e l l .  The b a s i c  theory  is  w e l l  unders tood  and work i s  underway t o  deterrnine 
t h e  e q u i v a l e n t  thermal  load ings .  The thermal  load ings  w i l l  f i r s t  be i n c o r p o r a t e d  
i n  t h e  computer code f o r  t h e  l i n e a r  a n a l y s i s  and then  b e  i n c o r p o r a t e d  I n  t h e  non- 
l i n e a r  program. 
t h o s e  ob ta ined  by 
the rma l  buck l ing .  
The resul ts  from t h e  l i n e a r  a n a l y s i s  w i l l  b e  compared w i t h  
Cwiertny and t h e  non- l inea r  program w i l l  be  used t o  s tudy  
- 7- 
Te s t S t i-uc t u r e  Aria l y  s i s  
Many s t r u c t u r e s  a r e  composed of  s h e l l s  w i t h  beam re inforcements  and con- 
--- __ 
,. 
s e q u e n t l y  t h e r e  i s  a need f o r  a numerical  program t o  ana lyze  such conf igura-  
t i o n s .  
such s t r u c t u r e  i s  c u r r e n t l y  b e i n g  t e s t e d  expe r imen ta l ly  and ana lyzed  
by D r .  S t ebb ins  of t h e  Manned Spacec ra f t  Center .  M r .  Jo se  DeAndrade, a 
g radua te  s t u d e n t  a t  Texas ASM U n i v e r s i t y ,  w i l l  modify t h e  numer ica l  program 
t o  a i e l y z e  s h e l l s  of r e v o l u t i o n  with beam re inforcements .  Then, du r ing  t h e  
suinmer, he  p l a n s  t o  work a t  t h e  Manned S p a c e c r a f t  Center  and apply t h e  numer i ca l  
program t o  t h e  a n a l y s i s  of t h e  s t r u c t u r e  b e i n g  t e s t e d .  
S t a t  i c  S t a b i  1.i t y A x i a l  y s i s  - 
The computer code f o r  t h e  non- l inear  a n a l y s i s  of s h e l l s  of r e v o l u t i o n  
y i e l d s  b u c k l i n g  loads as a l i m i t i n g  case .  Several. problems have been analyzed 
f o r  s t a b i l i t y  b u t  no comparison with expe r imen ta l  d a t a  has been macle. It j s  
plaimed t o  compare t h e o r e t i c a l  and expe r imen ta l  r e s u l t s ,  e s p e c i d  l j j  t h s  ex- 
pe r imen ta l  r e s u l t s  b e i n g  obta ined  by M r .  MacDougall of Sandia  Corpora t ion .  
A r b i t r a r y  S h e l l  Analys is  
Many f i n i t e  element r e p r e s e n t a t i o n s  have been developed f o r  use i n  the 
a n a l y s i s  o f  a r b i t r a r y  s h e l l s .  However, p r a c t i c a l l y  a l l  of t h e  c u r r e n t  rep- 
r e s e n t a t i o n s  have t h e o r e t i c a l  d e f e c t s .  The most common are t h e  i a c k  of s l o p e  
c o m p a t i b i l i t y  o r  i n v a r i a n c e  o f  t h e  form of t h e  d isp lacement  f u n c t i o n  under 
t r a n s l a t i o n  of c o o r d i n a t e s ,  
A fo rmula t ion  h a s  been developed a t  Texas A&M which s a t i s f i e s  a l l  of t h e  
7 e s s e n t i a l  c o n d i t i o n s .  For example i t  s a t i s f i e s  t h e  c o n d i t i o n  set  f o r t h  by Ksy. 
- 8- 
I n  e s sence  t h e  fomiu la t ion  c o n s i s t s  of  u s ing  a s t r a i n  energy e x p r e s s i o n  which 
depends on t h e  d isp lacements  and t h e i r  f i r s t  d e r i v a t i v e s  on ly .  With t h i s  
fo rmula t ion  i t  i s  p o s s i b l e ,  i n  accordance w i t h  t h e  c a l c u l u s  of v a r i a t i o n s ,  
t o  u se  a d isp lacement  f u n c t i o n  with continuous d isp lacements  between e lements  
b u t  w i t h  d i scon t inuous  f i r s t  d e r i v a t i v e s .  Many d isp lacement  f u n c t i o n s  e x i s t  
which s a t i s f y  bo th  t h i s  c o n d i t i o n  and t h e  c o n d i t i o n  t h a t  a l l  terms of a c e r t a i n  
o r d e r  should  b e  inc luded .  The l a t t e r  c o n d i t i o n  i s  e q u i v a l e n t  t o  t h e  c o n d i t i o n  
of i n v a r i a n c e  under t r a n s l a t i o n  of c o o r d i n a t e s .  
The development of a computer code f o r  t h e  a n a l y s i s  of a r b i t r a r y  s h e l l s  
w i l l  proceed i n  two phases.  I n  the f i r s t  phase t h e  concept v i l l  he tes ted 
or, beams, p l a t e s  and s h e l l s  of r e v o l u t i o n .  This  w i l l  c o n s i s t  of u s ing  d i s -  
placement f u n c t i o n s  of d i f f e r e n t  o r d e r s  and t h e  i n c l u s i o n  o r  d e l e t i o n  of 
c u r v a t u r e  terms. It i s  expec ted  t h a t  t h e  f i r s t  phase  w i l l  b e  completed and 
r e p o r t e d  on du r ing  t h i s  ca l enda r  year. The second phase  w i l l  be  t h e  develop- 
ment of a g e n e r s l  numer ica l  program and i t s  a p p l i c a t i o n  t o  some ursalved prob- 
lems. 
Non-linear Dynamic Analys is  
The non- l inea r  dynamic a n a l y s i s  of s h e l l s  of r e v o l u t i o n  i s  of i n t e r e s t  
t o  Sandiz  Corpora t ion  f o r  impuls ive  load ings  and i s  of  i n t e r e s t  t o  NASA f o r  
impact l oad ings .  The dynarnic a n a l y s i s  program is g r e a t l y  s i m p l i f i e d  by t h e  
development of non- l inea r  s t a t i c  a n a l y s i s  t echn iques .  It i s  necessa ry  t o  
i n c l u d e  t h e  dynamic f o r c e s  and modify t h e  method used t o  s o l v e d  t h e  equa t ions  





















It w a s  o r i g i n a l l y  planried t o  s o l v e  t h e  e q u a t i o n s  by us ing  f i n i t e  d i f f e r e n c e  
r e l a t i o n s  i n  t i m e  and some progress  has  been made a long  t h e s e  l i n e s .  However, 
an i n h e r e n t  d i f f i c u l t y  e x i s t s  in t h e  use of f i n i t e  d i f f e r e n c e  r e l a t i o n s  i n  
t h a t  d i v e r g e n t  s o l u t i o n s  may b e  obta ined  i f  a p rope r  t i m e  i n t e r v a l  i s  no t  
chosen. Consequently,  o t h e r  less s e n s i t i v e  methods are c i l r r e n t l y  b e i n g  
s t u i d e d .  
A f t e r  a method i s  s e l e c t e d  i t  i s  planned t o  apply  t h e  computer code t o  
t h e  impuls ive  buck l ing  of s h e l l s  of  r e v o l u t i o n  under axisyinmetric l o a d i n g s ,  
p e r m i t t i n g  t h e  she l l  t o  buck le  asymmetrically.  It i s  planned t o  compare 
t h e o r e t i c a l  r e s u l t s  w i t h  any a v a i l a b l e  expe r imen ta l  r e s u l t s .  
PERSONNEL 
The o v e r a l l  r e s e a r c h  i s  under t h e  d i r e c t i o n  of D r .  James A. S t r i c k l i n  
w i t h  a s s i s t a n c e  f r o n  D r .  J o s e  E. Martinez.  B iograph ica l  d a t a  s?-~eeCs for 
D r .  S t r i c k l i n  and D r .  Martinez a r e  a t t a c h e d .  The planned r e s e a r c h  e f f o r t s  
are des igned  t o  give the s t u d e n t s  working on the p r o j e c t  a t o p i c  l e z d b g  t o  a 
t h e s i s ,  d i s s e r t a t i o n  and/or  AIAA p u b l i c a t i o n .  
are : 
These s t u d e n t s ,  and t h e i r  t o p i c s  
Jose DeAndrade T e s t  S t r u c t u r e  Analys is  
Walter H a i s l e r  A r b i t r a r y  Shells 
Joseph Beck Thermal S t r e s s e s  
Steven Huzar Dynamic Ana lys i s  
John Abshier  S t a b i l i t y  Ana lys i s  
. Char l e s  Hoover Bodies of Revolu t ion  























During t h e  pas t  year two coniputer codes have been developed and.used 
i n  t h e  a n a l y s i s  of problems of i n t e r e s t  t o  Sandia  Corpora t ion  and NASA. 
F u t u r e  areas of i n v e s t i g a t i o n  have been  p r e s e n t e d .  
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